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ON THE EXISTENCE OF POSITIVE SOLUTIONS FOR SOME NONLINEAR 
BOUNDARY VALUE PROBLEMS II 

HONGJING PAN AND RUIXIANG XING 


Abstract. We study a class of boundary value problems with ip-Laplacian (e.g., the prescribed 
mean curvature equation, in which cp(s) = yj=j) 

— (q>{u'))'= Xf{u) on (—L,L), u(—L) = u(L)=0, 

where A and L are positive parameters. For convex / with /(O) = 0, we establish various results 
on the exact number of positive solutions as well as global bifurcation diagrams. Some new bifur¬ 
cation patterns are shown. This paper is a continuation of [13], where the case /(O) > 0 has been 
investigated. 


1. Introduction 


Consider the following nonlinear boundary value problem 

( - (cp(u'))'= Af(u), xe(-L,L), 

\w(-L) =m(L) =0, 
where cp and / satisfy the conditions 

(p G C^(]R) is odd and (p'{t) > 0 for all t G R. 

/ is continuous on [0, A) satisfying f{u) > 0 for all 0 < m < A, 
where either A = + 00 , or A < +00 with lim f{u) = + 00 . 

ii^A- 


( 1 . 1 ) 


( 1 . 2 ) 

(1.3) 


This paper is a continuation of the paper by Pan and Xing [13], where various results on the 
existence and exact number of positive solutions are obtained when / is an increasing convex 
function with /(O) > 0. In the present paper, we investigate the case /(O) = 0. 

For various different purposes, cp and / are also required to satisfy some or all of the condi¬ 
tions: 


zcp"{z) ^ 0 for all z G R, 

/ is of class on [0, A) satisfying f'{u)u ^ f{u) for u G (0, A). 

One of the inequalities in (1.4) and (1.5) is strict, except for at most 
a finite number of z or m. 

The problem (1.1) with (1.2) and (1.4) includes many important examples such as 

[ = A/(m), xG(-L,L), 

< (1-F|m'P)2 

[u{-L) =u{L) =0, 


(1.4) 

(1.5) 

( 1 . 6 ) 


(1.7) 
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where k ^ 0 and (p{s) = Jq (1 + P) ^ dt. When k = 2, (1.7) becomes 


^=A/(w), xe{-L,L), 


( 1 . 8 ) 


1 + 1 “', 

u{-L) = u{L) =0, 

and q>{s) = arctans. Problem (1.8) is related to a MEMS model with fringing field (see e.g. [18]). 
When k = 3, (1.7) becomes one-dimensional prescribed mean curvafure problem 

=A/(m), xe(-L,L), 

I- li'K/ 




yi + 

m(-L) = m(L) =0, 


(1.9) 


and <p(s) = Quasilinear problem (1.9) absorbed much affenfion in recenf years and some 

special nonlinearifies / safisfying /(O) = 0 such as u^,e“ — 1,mP -|- m*?, were sfudied and many 
inferesfing resulfs on exisfence and exacf mulfiplicify were obfained (see [1, 2, 4, 5, 6, 8, 11, 12, 
14, 15, 19]). 

In [13], due fo limifafions of space, we only focused on fhe case /(O) > 0. In fhe presenf 
paper, we sfill use fhe fime-map mefhod, following fhe same line as in [13], fo invesfigafe fhe 
equally imporfanf case /(O) = 0. This mefhod is based on fhe facf fhaf fhe invesfigafion of fhe 
exacf number of positive solutions of problem (1.1) is equivalenf fo sfudying fhe shape of a fime 
map T. We will furfher reduce fhe problem fo fhe shape of a simpler function g, which describes 
fhe values of T af fhe righf endpoinf of fhe inferval of defrnifion. The pafferns of bifurcafion 
diagrams for problem (1.1) wifh (1.2)-(1.6) finally depend on fhe number of local exfreme poinfs 
and fhe local exfreme values of g. By analytical proof or numerical simulation, we find many 
inferesfing new examples, which suggesf fhaf fhere exisf more fhan fen fypes of shapes of g. This 
means fhaf bifurcafion diagrams of (1.1) can confain very complex pafferns. We esfablish various 
resulfs on fhe exacf number of posifive solufions as well as bifurcafion diagrams corresponding 
fo some differenf fypes of g. Alfhough fhese resulfs and figures occupy much space of fhe 
presenf paper, we fhink fhaf if is worfh doing in order fo show imporfanf defails. 

In fhis paper, by a positive solution we mean a posifive classical solution, fhaf is, a funcfion 
u G C^[—L,L] safisfying (1.1) and m > 0 in ( —L,L). 

We organize fhe paper as follows. In Section 2, we presenf our main resulfs abouf fhe exisfence 
and exacf number of posifive solufions as well as global bifurcafion diagrams. In Section 3, we 
invesfigafe general properties of fhe fime map. The proofs of fhe main resulfs will be given in 
Secfion 4. 


2. Main results 

Our main resulfs are fhe following fheorems. Nofice fhaf (1.3) and (1.5) imply fhaf /(O) = 0 
and bofh /(«) and are increasing for u G (0, A). 

Theorem 2.1. Assume conditions (1.2)-(1.6) hold. Then (1.1) has at most one positive solution for 
any A > 0. 

Since /"(«) ^ (>)0 and /(O) = 0 imply/'(«)« ^ (>)/(«), we have 
Corollary 2.2. Replacing (1.5) and (1.6) in Theorem 2.1 by the following conditions 

f is of class on [0, A) and on (0,A) satisfying f" (u) ^ 0 and /(O) = 0. (1-50 

One of the inequalities in (1.4) and (1.5') is strict, except for at most a finite ^ 

number ofz or u. 
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Then the conclusion of Theorem 2.1 is still true. 


Remark 2.1. (a) Conditions (1.5) and (1.5') in the above results are crucial. For example, for problem 
(1.9) with f{u) = uP (0 < p < 1) or f{u) = u — u^, it is well known in [6] or [5] that there exists 
A* > 0 such that (1.1) has exactly two positive solutions. 

(b) Condition (1.6) or (1.6') cannot be removed from the above results. For example, the linear eigen¬ 
value problem 

—m" = Xu on ( —L,L), u{ — L) = u(L) = 0 

has infinitely many positive solutions for A = (^)^. Moreover, if f satisfies (1.5) and there exists an pq 
such that f{w) = m^wfor 0 ^ ip ^ pq/ problem 

-m" = A/(m) on (-L, L), m(-L) = u{L) = 0 

also has infinitely many positive solutions for A = ^(^)^ (see e.g. [9, Thm 3.2]). 

In order to further give the exact number of posifive solufions for each A, we infroduce some 
nofafions. The same as in [13], we denofe 

^(z) = / t(p'{t)dt and F{u) = [ /(s)ds. 

Jo Jo 

and define 


B = sup ^(z) and C = sup F{u). 

z6[0,+oo) u6[0,A) 

Then (1.2) and (1.3) imply fhaf B = limz_i.+oo‘^( m) and C = limj,_!.^- f(w), respecfively. 

Since (1.3) and (1.5) implies /' ^ 0, if follows fhaf A = +oo implies C = +oo. The same as in 
[13], fhe problem considered in Theorem 2.1 can be classified info fhe following six cases. 



' 

A = +00 

C = +00 

(Case I) 


B = +00 < 

A < +00 < 

C = +00 

C < +00 

(Case II) 

(Case III) 

Six cases of (1.1) < 


A = +00 

C = +00 

(Case IV) 


B < +00 < 

A < +00 < 

C = +00 

C < +00 

(Case V) 

(Case VI) 


We shall mainly focus on fhe sifuafion where fhe range of (p is bounded. However, Theorems 
2.3-2.5 and many resulfs in Secfions 3 and 4 are also of inferesf when <p is unbounded. Notice 
fhaf under (1.2), condition B < +oo implies fhaf q> is bounded ([13, Remark 2.2]). 


Example 2.2 ([13]). Denote cpk{s) = Jq(1 + 1^) ^ dt (k^ 0). Then cpj,- satisfies both (1.2) and (1.4). 
Moreover, we have 


9 

B = +00 

B < +00 

Bounded 

(p 2 {s) = arcfans 
(Problem (1.8)) 

9k{s), k>2, e.g. 

(p 3 {s) = (Mean Curvafure Type) 

Unbounded 

(pk{s), 0 ^k <2 



When k > 2, we also have 


^k{z) 


1 

k-2 


1 1 

^(1 + z ^)^' 


B = 


k-2' 


^iHy) 


^l-[l-{k-2)y]kh 

[l-{k-2)y]k^2 
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We next investigate Cases I-VI in (’^), respectively. Denote Ai = 

First, we consider the three cases of B = +oo. 

Case I: B = +oo, A = +oo and C = +oo 

Theorem 2.3 (Type I, see Fig.l). Let A,B,C = +oo. Assume conditions (1.2)-(1.6) hold. Also 
assume 

lim ■^■2—= 0 forany\>0. (2.1) 

t^+oo /oF-i (f) J ^ V / 

Then the following assertions hold: 

(a) If f'{0) = 0, then (1.1) has exactly one positive solution for any A e (0, +oo). 

(b) If f'{0) > 0, then (1.1) has exactly one positive solution for A e (0, Ai) and none for A G [Ai, +oo). 


Corollary 2.4. Let A,B,C = +oo. Assume conditions (1.2)-(1.6) hold. If the range of cp is bounded 
or is bounded for sufficiently large z, then (2.1) holds and hence the conclusions of Theorem 2.3 hold. 

Example 2.3. Let cp = [0 ^ k ^ 2), which is defined in Example 2.2, and let f be one of the 

following table. 


f 

is unbounded 
/(z) 

is bounded 
/(z) 

f convex, 

/(O) = 0, 
A,C = +00 

f{u) =uP, p^l 

f(u) =uf + u^,q>p^l 

f{u) = (1 + m)P-1, p > 1 

f[u) = e“ — 1 

f{u) = e“ + mP — 1, p ^ 1 

f{u) = - 1 

f{u) = + mP — 1, p ^ 1 


The following two groups of cp and f give some examples which satisfy the conditions of Corollary 2.4: 

(1) cp 2 and any f in the above table; 

(2) cp = (pj^ {0 ^ k < 2) and any f in the last column of the above table. 

Case II: B = +oo, A < +oo and C = +oo 

Theorem 2.5 (see Fig.l). Let A < +oo, B = +oo, C = +oo. Assume conditions (1.2)-(1.6) hold. 
Then the following assertions hold: 

(a) If f'{0) = 0, then (1.1) has exactly one positive solution for any A G (0, +oo). 

(b) If f'{0) > 0, then (1.1) has exactly one positive solution for A G (0, Ai) and none for A G [Ai, +oo). 

Case III: B = +oo, A < +oo and C < +oo 

Theorem 2.6 (see Fig.l). Let A < +oo, B = +oo, C < +oo. Assume conditions (1.2)-(1.6) hold. 
Then the following assertions hold: 

(a) If f'{0) = 0, then there exists A* > 0 such that (1.1) has exactly one positive solution for A G 
(A*,+oo) and none for (0, A*]. 

(b) If f'{0) > 0, then there exists A* G (0, Ai) such that (1.1) has exactly one positive solution for 
A G (A*,Ai) and none for X G (0, A*] U [A^,+oo). 

(c) A* is strictly decreasing with respect to L. 

Example 2.4. Let cp = cpi^ [0 ^ k 2), which is defined in Example 2.2, and let f be one of the 
following table. 
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/ 

/(O) = 0, f(0) = 0 

/(0)=0,f(0) >0 

A < + 00 , C = +00 

(Case II) 

f{u) = tanw'?, u G [0, y^) (q > 1) 
/(«) = (l-u‘i)-P-l, u G [0,1) 

(q > l,p ^ 1) 

/(«) = tanw, MG [0,j) 

/(m) = (l-M)-P-l, MG [0,1) 
(P ^ 1) 

A, C < +00 
(Case III) 

/(m) = (1-M'?)-P-1, MG [0,1) 

(i; > 1,0 < p < 1) 

f{u) = (l-M)-P-l, M G [0,1) 
(0 < p < 1) 


Then cp and f give various examples which satisfy the conditions of Theorem 2.5 or 2.6. 


We next consider the three cases of B < +oo. The same as in [13], we introduce the function 

As pointed out in [13], for given cp and /, fhe funcfion g plays a crucial role in defermining 
bifurcafion diagrams of problem ( 1 . 1 ): when fhe lengfh paramefer L passes fhrough fhe local 
exfreme values of g, fhe paffern of fhe bifurcafion diagram musf change; fhe complexify of fhe 
graph of g leads fo fhe rich diversify of bifurcafion pafferns for ( 1 . 1 ). 

To disfinguish differenf f 5 rpes of g, we infroduce fhe following defmifions. 


Definition 2.5 (See Fig.2). We say that the function g is of 
Type 72 , if lim y(A) = 0, lim y(A) e (0, +oo), y(A) has exactly two local extreme points in (0, +oo) 

A->-+oo A->0 

and the local maximum value is greater than lim y(A); 

A^O 

Type 73 , if lim g{X) = 0, lim y(A) e (0, +oo), y(A) has exactly two local extreme points in (0, +oo) 

A—i+oo A— 

and the local maximum value is equal to lim y(A); 

A-^0 

Type 32, if lim g{\) = 0, lim ^(A) = 0, y(A) has exactly three local extreme points in (0, +oo) 

A-I+oo A->-0 

and the left local maximum value is greater than the right one; 

Type < 53 , if lim g{\) = 0, lim g{\) = 0, g{X) has exactly three local extreme points in (0, + 00 ) 

A->-+oo A-:>0 

and the left local maximum value is equal to the right one; 


Among the graphs in Fig.2, the remaining, umnentioned types in Definition 2.5 have been 
introduced in [13]. Here, we use cc,f,j,S,... (in the Greek alphabetical order) to represent the 
numbers of fhe local exfremum poinfs of g in (0, + 00 ) being zero, one, two, fhree,... , respectively 

Definition 2.6. If cp and f in (1.1) satisfy conditions A = + 00 , B < +00 and C = + 00 , i.e., Case 
IV, and g is of Type 72 ( 73 , 32, ■ ■ ■, respectively), then we say the pair {cp,f ) is of Type IV -72 (IV- 73 , 
IV-< 52 , ■ ■ ■, respectively). 

In order to determine the type of g, fhe same as in [13], we infroduce fhe following conditions 

rB I 

K:= —— , ^ dy < + 00 . 

Jo y^-^{B-y) ^ 

fiz)F{z) <f{z) for z G (0,A). 

Here, fhe nofafion which lies in between and "<", means that except for at most 
finitely many points where "=" holds, it is always "<". 


(2.3) 

(2.4) 
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Example 2.7 ([13]). Consider the function cpk{s) = /q (1 + t^)~^ dt which is introduced in Example 
2.2. A direct computation shows that (2.3) is satisfied for all k > 2, e.g., K = when k = 3 (i.e., the 
mean curvature equation). 


Example 2.8. The folloiving table gives some functions f satisfying both /(O) =0 and condition (2.4). 


/ 

/(0)=0 

f{u)F{u) <f{u) 

/(m) = (1 + m)P-1, p >0 

/(«) = - 1 

f{u) = uP, p > 0 

f{u) = uf + uf0:^p<q< q{p) 

f{u)F{u)<f{u) 

f{u) = uf + uf0i^p<q = q(p) 


Here, the optimal upper bound q{p) = p + 1 + 2^/ff+l is obtained in [7]. 


m _ 


Example 2.9. The following table gives some functions f satisfying both /(O) = 0 and lim yW 


D. 


f 

D = -|-oo 

D e (0,-Foo) 

D = 0 

/(O) = 0 

f(u) = mP, p > 0 

f{u) = uP + u‘l,q > p > 0 

f{u) = (l-F w)P - l,p > 0 

f{u) = - 1 

f{u) = -F uP — 1 , p > 0 

f{u) = wPe^“ + u‘t,p,q ^ l,k > 0 

f{u) = - 1 

f{u) = -F wP — 1, p > 0 

f lu) = (1 - u)-V - l,p > 0 


Besides, all of them satisfy limt_^o = 0- These two limits of are very useful for computing the 
limits of g at 0 and +oo (see Lemma 3.9 below). 


Case IV: B < +oo, A = +oo and C = +oo 

Theorem 2.7 (Type IV-ag, see Fig.l). Let {(p,f) be of Type IV-ag (see Fig.2). Assume conditions 
(1.2)-(1.6) hold. Then the following assertions hold: 

(a) If ffO) = 0, then there exists A* > 0 such that (1.1) has exactly one positive solution for A e 
(A*, +oo) and none for A e (0, A*]. 

(b) If f'{0) > 0, then there exists A* e (0, Ai) such that (1.1) has exactly one positive solution for 
A e (A*,Ai) and none for X e (0, A*] U [A^,+oo). 

(c) A* is strictly decreasing with respect to L. 

Corollary 2.8 (Type IV-ao, see Fig.l). Let A = +oo, B < +oo, C = +oo. Assume conditions (1.2)- 
(1.6) hold. If further (2.3), (2.4) and lim = +oo hold, then {(p,f) is of Type IV-ao hence the 
conclusions of Theorem 2.7 hold. 

Example 2.10. Let cp = cpi^ {k > 2) and f{u) = ut’ [p 1) or f{u) = (1 -|- u)P — 1 (p > 1) 
or f{u) = uf + u‘! {1 ^ p < q ^ 9{p))- Then all conditions of Corollary 2.8 are satisfied. Here q{p) 
is given in Example 2.8. We notice that for cp = cp^ and f{u) = uf -\- u^, this result is obtained in a 
forthcoming paper [7]. 

Let us give an explanation of the bifurcation diagrams for Type IV-aq in Fig.l. The confinuous 
thick line is the bifurcation curve and represents classical solutions (i.e., u E C^[—L, Lj), while 
the thin curve r = F“^(®) is the gradient blow-up curve (see Section 3 for defails). We also nofe 
thaf infersecfion poinfs of bifurcafion curves and gradienf blow-up curves acfually represenf 
anofher kind of posifive solufions which belong fo C[—L,L] n C^( —L, L) and safisfy (1.1), buf 
u'{3zL) = = 1 = 00 . For fhe ofher bifurcafion diagrams in whaf follows, we shall use fhe same 
legends as explained here (also see Remark 2.25 below). 
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Theorem 2.9 (Type IV-ai, f'{0) = 0, see Fig.l). Let {cp,f ) be of Type IV-ai. Assume conditions 

(1.2)-(1.6) and f'{0) = 0 hold. Then there exists a constant L* (see Fig.2) such that the following 
assertions hold: 

(a) If L < L*, there exists A* > 0 such that (1.1) has exactly one positive solution for A e (A*, +oo) 
and none for A e (0, A*]. Moreover, A* is strictly decreasing with respect to L. 

(b) IfL^ L*, then (1.1) has exactly one positive solution for any A e (0, +oo). 

Theorem 2.10 (Type IV-ai, ffO) > 0, see Fig.l). Let {(p,f) be of Type IV-ai. Assume conditions 

(1.2)-(1.6) and f'{0) > 0 hold. Then there exists a constant L* (see Fig.2) such that the following 
assertions hold: 

(a) If L < L*, then there exists A* e (0, A^) such that (1.1) has exactly one positive solution for 
A e (A*, Ai) and none for A G (0, A*] U [Ai, +oo). Moreover, A* is strictly decreasing with respect to L. 

(b) IfL^ L*, then (1.1) has exactly one positive solution for A G (0, Ai) and none for A G [Ai, +oo). 

Corollary 2.11 (Type IV-ai). Let A = +oo, B < +oo, C = +oo. Assume condition (1.2)-(1.6) 
hold. If further (2.3), (2.4) and lim G (0,+oo) hold, then {(p,f) is of Type IV-ai and hence the 

z->-A IGI 

conclusions of Theorem 2.9 or 2.10 hold. 

Example 2.11. Let q> = cp^ {k> 2) and f{u) = — 1 or f(u) = e“ — u — 1. Then all conditions of 

Corollary 2.11 are satisfied. 

Theorem 2.12 (Type IV-fo, f'{0) = 0, see Fig.3). Let {cp,f) be of Type IV-fo. Assume conditions 

(1.2)-(1.6) and f'{0) = 0 hold. Then there exists a constant L* > 0 (see Fig.2) such that the following 
assertions hold: 

(a) IfL> L*, then (1.1) has exactly one positive solution for any A G (0, +oo). 

(b) If L = L*, then there exists A* > 0 such that (1.1) has exactly one positive solution for (0, A*) U 
(A*, +oo) and none for A = A*. 

(c) If L < L*, then there exist two numbers A* > A* > 0 such that (1.1) has exactly one positive 
solution for \ ^ (0, A*) U (A*,+oo) and none/or A G [A*, A*]. 

(d) A* is strictly decreasing while A* is strictly increasing with respect to L. 

Theorem 2.13 (Type IV-fo, f'{0) > 0, see Fig.4). Let {(p,f) be of Type IV-/5o- Assume conditions 

(1.2)-(1.6) and f'{0) > 0 hold. Then there exists a constant L* > 0 (see Fig.2) such that the following 
assertions hold: 

(a) IfL> L*, then (1.1) has exactly one positive solution for A G (0, Ai) and none for A G [Ai, +oo). 

(b) If L = L*, then there exists A* G (0, Aj) such that (1.1) has exactly one positive solution for 
(0, A*) U (A*,Ai) and none for A G {A*} U [Ai,+oo). 

(c) If L < L*, then there exist two numbers 0 < A* < A* < Ai such that (1.1) has exactly one positive 
solution for \ Sz (0, A*) U (A*, Ai) and none/or A G [A*, A*] U [Ai,+oo). 

(d) A* is strictly decreasing while A* is strictly increasing with respect to L. 

2 2 

Example 2.12. Let cp = cp^ and f{u) = e“ — 1 or /(«) = e“ + w — 1. Then lim;i_j._|_oo = 

0 = lim;\_j.o ^(A) (by Lemma 3.9 below). Numerical simulation indicates that y(A) has exactly one local 

extreme point in (0,+oo) (see Remark 3.1 and Fig.15 below). We provide an analytic proof for this in 

2 2 

[17]. Thus g is of Type fo hence both {(p^,e^ — 1) and (^ 3 , e“ + w — 1) are of Type IV-fo. From 
Theorems 2.12 and 2.13, we obtain the exact numbers of positive solutions as well as global bifurcation 
diagrams. 

Theorem 2.14 (Type IV-/ 1 , /'(O) = 0, see Fig.3). Let {(p,f) be of Type IV-/ 1 . Assume conditions 

(1.2)-(1.6) and f'{0) = 0 hold. Then there exist constants L* > L* > 0 (see Fig.2) such that the 
following assertions hold: 
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(a) IfL> L*, then (1.1) has exactly one positive solution for any A e (0, +oo). 

(b) If L = L*, then there exists A* > 0 such that (1.1) has exactly one positive solution for (0, A*) U 
(A*, +oo) and none for A = A*. 

(c) If L* < L < L*, then there exist two numbers A* > A* > 0 such that (1.1) has exactly one positive 
solution for X & (0, A*) U (A*,+oo) and none/or A e [A*, A*]. 

(d) If L ^ L*, then there exists A* > 0 such that (1.1) has exactly one positive solution for A e 
(A*, +oo) and none for A e (0, A*]. 

(e) A* is strictly decreasing while A* is strictly increasing with respect to L. 

Theorem 2.15 (T 5 ^e IV-fi, f'{0) > 0, see Fig.4). Let {(p,f ) be of Type IV-j 6 i. Assume conditions 

(1.2)-(1.6) and f'{0) > 0 hold. Then there exist constants L* > L* > 0 (see Fig. 2) such that the 
following assertions hold: 

(a) IfL> L*, then (1.1) has exactly one positive solution for A £ (0, Ai) and none for A £ [Aj, +oo). 

(b) If L = L*, then there exists A* £ (0, Ai) such that (1.1) has exactly one positive solution for 
(0, A*) U (A*,Ai) and none for A £ {A*} U [Ai,+oo). 

(c) If < L < L*, then there exist two numbers 0 < A* < A* < Ai such that (1.1) has exactly one 
positive solution for A £ (0,A*) U (A*, Aj) and none for A £ [A*, A*] U [A^, +oo). 

(d) If L ^ L*, then there exists A* £ (0, A^) such that (1.1) has exactly one positive solutions for 
A £ (A*,Ai) and none for A £ (0, A*] U [Ai,+oo). 

(e) A* is strictly decreasing while A* is strictly increasing with respect to L. 

Example 2.13. Let cp = cp^ and f{u) = e" + — m — 1 or f{u) = e“ + u — 1. Then lim;i_j.+ooS'(A) = 

0 and lim;i_j.o^(A) = ^ (by Lemma 3.9 below). Numerical simulation indicates that g{A) has exactly 
one local extreme point in (0, +oo) (see Remark 3.1 and Fig.15 below). We provide an analytic proof for 
this in [17]. Thus g is of Type and hence both (<p 3 ,e“ + — w — 1) and {cp^,e^ + m — 1) are of Type 

IV-fi. From Theorems 2.14 and 2.15, we obtain the exact numbers of positive solutions as well as global 
bifurcation diagrams. 

Theorem 2.16 (Type IV- 70 , f'{0) = 0, see Fig.3). Let {(p,f ) be of Type IV- 70 . Assume conditions 

(1.2)-(1.6) and f'{0) = 0 hold. Then there exist constants L* > L* > 0 (see Fig.2) such that the 
following assertions hold: 

(a) If L > L*, then there exists A* > 0 such that (1.1) has exactly one positive solution for A £ 
(A*, +00) and none for A £ (0, A*]. 

(b) If L = L*, then there exist two numbers A* > A* > 0 such that (1.1) has exactly one positive 
solution for A ^ (A*, A*) U (A*, +00) anrf Hone/or A £ (0, A*]U{A*}. 

(c) If L^ < L < L*, then there exist three numbers A* > A** > A* > 0 such that (1.1) has exactly 
one positive solution for A £ (A*, A**) U (A*, +00) and none for A £ (0,A*] U [A**, A*]. 

(d) If L ^ L*, then there exists A* > 0 such that (1.1) has exactly one positive solution for A £ 
(A*, +00) and none for A £ (0, A*]. 

(e) A* and A* are strictly decreasing while A** is strictly increasing with respect to L. 

Theorem 2.17 (Type IV- 70 , f'{0) > 0, see Fig.4). Let {(p,f) be of Type IV- 70 . Assume conditions 

(1.2)-(1.6) and f'{0) > 0 hold. Then there exist constants L* > L* > 0 (see Fig.2) such that the 
following assertions hold: 

(a) If L > L*, then there exists A* £ (0, A^) such that (1.1) has exactly one positive solution for 
(A*,Ai) and none for A £ (0, A*] U [Ai,-|-oo). 

(b) IfL = L*, then there exist two numbers 0 < A* < A* < A^ such that (1.1) has exactly one positive 
solution for A E (A*, A*) U (A*, Ai) and none/or A £ (0, A*] U {A*} U [Ai,-|-oo). 

(c) If L* < L < L*, three numbers 0 < A* < A** < A* < Ai such that (1.1) has exactly one positive 
solution for A £ (A*, A**) U (A*, Ai), none for A £ (0, A*] U [A**, A*] U [Aj, -|-oo). 
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(d) If L ^ L*, then there exists A* e (0, Ai) such that (1.1) has exactly one positive solution for 
(A*,Ai) and none for A e (0, A*] U [Ai,+oo). 

(e) A* and A* are strictly decreasing while A** is strictly increasing with respect to L. 

Example 2.14. Let cp = cp^ and f{u) = u^ + u^ or f{u) = u + u^. Then lim;v-i+oo S'(A) = 0 and 
lim;^_J. 0 ^(A) = +00 (hy Lemma 3.9 below). Numerical simulation indicates that g{A) has exactly two 
local extreme points in (0, +oo) (see Remark 3.1 and Fig.15 below). V\fe provide an analytic proof for this 
in [17]. Thus g is of Type 70 and hence both {(p^,u^ + u^) and {(p 3 ,u + u^) are of Type IV-jq. From 
Theorems 2.16 and 2.17, we obtain the exact numbers of positive solutions as well as global bifurcation 
diagrams. 

Theorem 2.18 (Type IV- 71 , f'{0) = 0, see Fig.5). Let {cp,f) be of Type IV- 71 . Assume conditions 

(1.2)-(1.6) and f'{0) > 0 hold. Then there exist constants L** > L* > L* > 0 (see Fig.2) such that the 
following assertions hold: 

(a) IfL'^ L**, then (1.1) has exactly one positive solution for any A e (0, + 00 ). 

(b) If L* < L < L**, then there exists A* > 0 such that (1.1) has exactly one positive solution for 
A e (A*,+ 00 ) and none for A e (0, A*]. 

(c) If L = L*, then there exist two numbers A* > A* > 0 such that (1.1) has exactly one positive 
solution for A E {A^., A* )U {A*,+ 00 ) and none for A E (0, A*]U{A*}. 

(d) If L^ < L < L*, then there exist three numbers A* > A** > A* > 0 such that (1.1) has exactly 
one positive solution for A E (A*, A**) U (A*, + 00 ) and none for A E (0, A*] U [A**, A*]. 

(e) If L ^ L*, then there exists A* > 0 such that (1.1) has exactly one positive solution for A E 
(A*, + 00 ) and none for A e (0, A*]. 

(f) A* and A* are strictly decreasing while A** is strictly increasing with respect to L. 

Theorem 2.19 (Type IV- 71 , f'{0) > 0, see Fig.5). Let {cp,f) be of Type IV- 71 . Assume conditions 

(1.2)-(1.6) and f'{0) > 0 hold. Then there exist constants L** > L* > L* > 0 (see Fig.2) such that the 
following assertions hold: 

(a) IfL^ L**, then (1.1) has exactly one positive solution for A E (0, Ai) and none for A E [Ai, + 00 ). 

(b) If L* < L < L**, then there exists A* E (0, Ai) such that (1.1) has exactly one positive solution 
for (A*,Ai) and none for A E (0, A*] U [Ai,+oo). 

(c) IfL = L*, then there exist two numbers 0 < A* < A* < Ai such that (1.1) has exactly one positive 
solution for A E (A*, A*) U (A*, Ai) and none/or A e (0, A*] U {A*} U [Ai,+ 00 ). 

(d) J/L* < L < L*, three numbers 0 < A* < A** < A* < Ai such that (1.1) has exactly one positive 
solution for A e (A*,A**) U (A*,Ai) and none for A e (0, A*] U [A**, A*] U [Ai,+oo). 

(e) If L ^ L*, then there exists A* E (0, Ai) such that (1.1) has exactly one positive solution for 
(A*,Ai) and none for A E (0, A*] U [Ai,+ 00 ). 

(f) A* and A* are strictly decreasing while A** is strictly increasing with respect to L. 

Example 2.15. Let cp = cp^ and f{u) = w^e“ + u^ or f{u) = u^e“ + u. Then lim;^_J._|_oo y(A) = 0 
and lim;i_j.oy(A) = f- (by Lemma 3.9 below). Numerical simulation indicates that g{A) has exactly two 
local extreme points in (0, + 00 ) and lim,i_j.oy(A) is greater than the local maximum value (see Remark 
3.1 and Fig.15 below), which suggests that g is of Type 71 and both {(p^,u^e“ + u^) and (<^ 3 , M®e“ + u) 
are of Type IV-ji. 

Theorem 2.20 (Type IV- 72 , f'{0) = 0, see Fig. 6 ). Let {(p,f ) be of Type IV- 72 . Assume conditions 

(1.2)-(1.6) and f'{0) = 0 hold. Then there exist constants L** > L* > L* > 0 (see Fig.2) such that the 
following assertions hold: 

(a)IfL> L**, then (1.1) has exactly one positive solution for any A E (0, + 00 ). 
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(b) IfL = L**, then there exists A* > 0 such that (1.1) has exactly one positive solution for (0, A*) U 
(A*, +oo) and none for A = A*. 

(c) If L* ^ L < L**, then there exist two numbers A* > A** > 0 such that (1.1) has exactly one 
positive solutions for A Cz (0, A**) U (A*,+oo) anrf none/or A G [A**, A*]. 

(d) If < L < L*, then there exist three numbers A* > A** > A* > 0 such that (1.1) has exactly 
one positive solutions for A G (A*, A**) U (A*,+oo) and none for A G (0, A*] U [A**, A*]. 

(e) If L ^ L*, then there exists A* > 0 such that (1.1) has exactly one positive solutions for A G 
(A*, +oo) and none for A G (0, A*]. 

(f) A* and A* are strictly decreasing while A** is strictly increasing with respect to L. 

Theorem 2.21 (Type IV- 72 , f'{0) > 0, see Fig. 6 ). Let {cp,f) be of Type IV- 72 . Assume conditions 

(1.2)-(1.6) and f'{0) > 0 hold. Then there exist constants L** > L* > L* > 0 (see Fig.2) such that the 
following assertions hold: 

(a) IfL > L**, then (1.1) has exactly one positive solution for A G (0, Ai) and none for A G [Ai, + 00 ). 

(b) If L = L**, then there exists A* G (0, Ai) such that (1.1) has exactly one positive solution for 
(0, A*) U (A*,Ai) and none for A G {A*} U [Ai,+oo). 

(c) IfL* ^ L < L**, then there exist two numbers 0 < A** < A* < Ai such that (1.1) has exactly one 
positive solution for A G (0, A**) U (A*,Ai) and none for A G [A**, A*] U [Ai,+oo). 

(d) If < L < L*, then there exist three numbers 0 < A* < A** < A* < Aj such that (1.1) 
has exactly one positive solutions for A G (A*, A**) U (A*,Ai) and none for A G (0,A*] U [A**, A*] U 
[Ai, + 00 ). 

(e) If L ^ L*, then there exists A* G (0, Aj) such that (1.1) has exactly one positive solutions for 
A G (A*,Ai) and none for A G (0, A*] U [Ai,+ 00 ). 

(f) A* and A* are strictly decreasing while A** is strictly increasing with respect to L. 

Example 2.16. Let cp = cp^ and f{u) = u'^e^^“ + u^ or f{u) = + u. Then lim;v_j._|_ooS'('^) = 0 

and lim^_j.oy(A) = ^ or ^ (by Lemma 3.9 below). Numerical simulation indicates that y(A) has 
exactly two local extreme points in ( 0 ,+ 00 ) and lim;i_j.oy(A) is in between the local extreme values 
(see Remark 3.1 and Tig.15 below), which suggests that g is of Type 71 and both {cp 3 ,u'^e^^“ + u^) and 
{cp^, + u) are of Type IV-'y 2 

Theorem 2.22 (Type IV- 73 , f'{0) = 0, see Fig.7). Let {cp,f) be of Type IV- 73 . Assume conditions 

(1.2)-(1.6) and f'{0) = 0 hold. Then there exist constants L* > L* > 0 (see Fig.2) such that the 
following assertions hold: 

(a) IfL> L*, then (1.1) has exactly one positive solution for any A G (0, + 00 ). 

(b) If L = L*, then there exists A* > 0 such that (1.1) has exactly one positive solution for (0, A*) U 
(A*, + 00 ) and none for A = A*. 

(c) If L„ < L < L*, then there exist three numbers A* > A** > A* > 0 such that (1.1) has exactly 
one positive solutions for A G (A*, A**) U (A*, + 00 ) and none for A G (0, A*] U [A**, A*]. 

(d) If L ^ L^,, then there exists A* > 0 such that (1.1) has exactly one positive solutions for A G 
(A*, + 00 ) and none for A G (0, A*]. 

(e) A* and A* are strictly decreasing while A** is strictly increasing with respect to L. 

Theorem 2.23 (Type IV- 73 , f'W > 0/ see Fig. 8 ). Let {(p,f ) be of Type IV- 73 . Assume conditions 

(1.2)-(1.6) and f'{0) > 0 hold. Then there exist constants L* > L* > 0 (see Fig.2) such that the 
following assertions hold: 

(a) IfL> L*, then (1.1) has exactly one positive solution for A G (0, Ai) and none for A G [Ai, -|-oo). 

(b) If L = L*, then there exists A* G (0, Aj) such that (1.1) has exactly one positive solution for 
(0, A*) U (A*,Ai) and none for A G {A*} U [Ai,-|-oo). 
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(c) If < L < L*, then there exist three numbers 0 < A* < A** < A* < Aj such that (1.1) 
has exactly one positive solutions for A e (A*, A**) U (A*,Ai) and none for A e (0,A*] U [A**, A*] U 
[Ai, +oo). 

(d) If L ^ L*, then there exists A* e (0, Ai) such that (1.1) has exactly one positive solutions for 
A e (A*,Ai) and none for X G (0, A*] U [Ai,+oo). 

(e) A* and A* are strictly decreasing while A** is strictly increasing with respect to L. 

Example 2.17. Let cp = cp^. By Lemma 3.9 and a comparison between Examples 2.15 and 2.16 (also 
see Figs. 14 and 15), we conjecture that there exist ki G (1,12) and k 2 G (1, 8 ) such that (^ 3 , + u^) 

and ((^ 3 , _|_ y) yj-g of Type IV-j^, i.e., g has exactly two local extreme points and the local maximum 

value is equal to limA_j.o^(A). 

Theorem 2.24 (Type IV-Jq, f'{0) = 0, see Fig. 7). Let {cp,f) be of Type Assume conditions 
(1.2)-(1.6) and f'{0) = 0 hold. Then there exist constants L** > L** > L* > L* > 0 (see Fig.2) such 
that the following assertions hold: 

(a) IfL> L**, then (1.1) has exactly one positive solution for any A G (0, + 00 ). 

(b) IfL = L**, then there exists A* > 0 such that (1.1) has exactly one positive solution for (0, A*) U 
(A*, + 00 ) and none for A = A*. 

(c) If L** < L < L**, then there exist two numbers A* > A** > 0 such that (1.1) has exactly one 
positive solutions for A e (0, A**) U (A*,+oo) anrf none/or A G [A**,A*]. 

(d) If L* < L ^ L**, then there exists A* > 0 such that (1.1) has exactly one positive solutions for 
A G (A*,+ 00 ) and none for A G (0, A*]. 

(e) If L = L*, then there exist two numbers A* > A* > 0 such that (1.1) has exactly one positive 
solutions for A e (A*, A*) U (A*,+ 00 ) and none/or A G (0, A*]U{A*}. 

(filfL^ < L < L*, then there exist three numbers A* > A** > A* > 0 such that (1.1) has exactly one 
positive solutions for A G (A*, A**) U (A*, + 00 ) and none for A G (0, A*] U [A**, A*]. 

(g) If L L*, then there exists A* > 0 such that (1.1) has exactly one positive solutions for A G 
(A*, + 00 ) and none for A G (0, A*]. 

(h) A* and A* are strictly decreasing while A** and A** are strictly increasing with respect to L. 

Theorem 2.25 (Type IV-iio, f'{0) > 0, see Fig. 8 ). Let {(p,f) be of Type IV-cio- Assume conditions 
(1.2)-(1.6) and f'{0) > 0 hold. Then there exist constants L** > L** > L* > L* > 0 (see Fig.2) such 
that the following assertions hold: 

(a) IfL > L**, then (1.1) has exactly one positive solution for A G (0, A^) and none for A G [A^, + 00 ). 

(b) If L = L**, then there exists A* G (0, Ai) such that (1.1) has exactly one positive solution for 
(0,A*) U (A*,Ai) and none for A G {A*} U [Ai,+oo). 

(c) If L** < L < L**, then there exist two numbers 0 < A** < A* < A^ such that (1.1) has exactly 
one positive solution for A G (0, A**) U (A*,Ai) and none for A G [A**, A*] U [Ai,+oo). 

(d) If L* < L ^ L**, then there exists A* G (0, Aj) such that (1.1) has exactly one positive solutions 
for A e (A*, Ai) and none/or A G (0, A*] U [Ai,+oo). 

(e) IfL = L*, then there exist two numbers 0 < A* < A* < Ai such that (1.1) has exactly one positive 
solutions for A G (A*, A*) U (A*,Ai) and none for A G (0,A*] U {A*} U [A^, + 00 ). 

(/) If L* < L < L*, then there exist three numbers 0 < A* < A** < A* < Ai such that (1.1) 
has exactly one positive solutions for A G (A*, A**) U (A*,Ai) and none for A G (0,A*] U [A**, A*] U 
[A 3 , + 00 ). 

(g) If L ^ L*, then there exists A* G (0, Ai) such that (1.1) has exactly one positive solutions for 
A G (A*,Ai) and none for A G (0, A*] U [Ai,+ 00 ). 

(h) A* and A* are strictly decreasing while A** are strictly increasing with respect to L. 
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Example 2.18. Let (p = cpj, and f{u) = — m — 1 or f{u) = e“ + — 1. Then = 

0 and lim;\_j.o^(A) = ^ (hy Lemma 3.9 below). Numerical simulation indicates that g{\) has exactly 
three local extreme points in (0,+oo) and between the local maximum values (see 

Remark 3.1 and Fig.15 below), which suggests that g is of Type Sq and both {cp^,e" + — w — 1) and 

{(p 3 , + w® — 1) are of Type IV-Sg. 

Theorem 2.26 (Type f'{0) = 0, see Fig.9). Let {(p,f) be of Type IV-(5i. Assume conditions 

(1.2)-(1.6) and f'{0) = 0 hold. Then there exist constants L** > L* > L* > 0 (see Fig.2) such that the 
follozving assertions hold: 

(a) IfL> L**, then (1.1) has exactly one positive solution for any A e (0, +oo). 

(b) IfL = L**, then there exists A* > 0 such that (1.1) has exactly one positive solution for (0, A*) U 
(A*, +oo) and none for A = A*. 

(c) If L* < L < L**, then there exist two numbers A* > A** > 0 such that (1.1) has exactly one 

positive solutions for A Cz (0, A**) U (A*,+oo) and none/or A e [A**, A*]. 

(d) If L = L*, then there exist three numbers A* > A** > A* > 0 such that (1.1) has exactly one 
positive solutions for A e (0,A*) U (A*,A**) U (A*,+oo) and none for A e {A*} U [A**,A*]. 

(e) If L^: < L < L*, then there exist four numbers A* > A** > A* > A** > 0 such that (1.1) has 
exactly one positive solutions for A e (0, A**) U (A*, A**) U (A*,+oo) and none for A e [A**, A*] U 
[A", A*]. 

(f) If L ^ L*, then there exist two numbers A* > A** > 0 such that (1.1) has exactly one positive 

solutions for A e (0, A**) U (A*, +oo) and none for A e [A**, A*]. 

(g) A* and A* are strictly decreasing while A** and A** are strictly increasing with respect to L. 

Theorem 2.27 (Type f'{0) > 0, see Fig. 10). Let {cp,f) be of Type IV-^i. Assume conditions 

(1.2)-(1.6) and f'{0) > 0 hold. Then there exist constants L** > L* > L* > 0 (see Fig.2) such that the 
following assertions hold: 

(a) IfL > L**, then (1.1) has exactly one positive solution for A G (0, Ai) and none for A G [Ai, +oo). 

(b) If L = L**, then there exists A* G (0, Aj) such that (1.1) has exactly one positive solution for 
(0, A*) U (A*,Ai) and none for A G {A*} U [Ai,+oo). 

(c) IfL* < L < L**, then there exist two numbers 0 < A** < A* < Aj such that (1.1) has exactly one 
positive solution for A G (0,A**) U (A*,Ai) and none for A G [A**,A*] U [Ai,+oo). 

(d) IfL = L*, then there exist three numbers 0 < A* < A** < A* < Aj such that (1.1) has exactly one 
positive solutions for A G (0, A*) U (A*, A**) U (A*, Ai) and none for A G {A*} U [A**, A*] U [Ai, +oo). 

(e) If L^: < L < L*, then there exist four numbers 0 < A** < A* < A** < A* < Ai such 
that (1.1) has exactly one positive solutions for A G (0, A**) U (A*, A**) U (A*,Ai) and none for A G 
[A„,A*] U [A**, A*] U [Ai,+oo). 

(f) If L ^ L*, then there exist two numbers two numbers 0 < A** < A* < Ai such that (1.1) has 
exactly one positive solution for A G (0, A**) U (A*, Ai) and none for A G [A**, A*] U [Ai, +oo). 

(g) A* and A* are strictly decreasing while A** and A** are strictly increasing with respect to L. 

Example 2.19. Let cp = cp^ and f{u) = + m — 1. Then limA_i.+ooS'('^) = 0 = lim;^_j.oS'('^) 

(by Lemma 3.9 below). Numerical simulation indicates that g(A) has exactly three local extreme points in 
(0, +oo) and the left local maximum value is less than the right one (see Remark 3.1 and Fig.16 below), 
which suggests that g is of Type Si and {cp^, + w® + w — 1) is of Type IV-Si. 

Theorem 2.28 (Type IN-S 2 , f'{Q) = 0, see Fig.9). Let {cp,f) be of Type IV-(52- Assume conditions 

(1.2)-(1.6) and f'{0) = 0 hold. Then there exist constants L** > L* > L* > 0 (see Fig.2) such that the 
following assertions hold: 

(a)IfL> L**, then (1.1) has exactly one positive solution for any A G (0, + 00 ). 
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(b) IfL = L**, then there exists A* > 0 such that (1.1) has exactly one positive solution for (0, A*) U 
(A*, +oo) and none for A = A*. 

(c) If L* < L < L**, then there exist two numbers A* > A** > 0 such that (1.1) has exactly one 

positive solutions for \ e (0, A**) U (A*,+oo) anrf none/or A G [A**, A*]. 

(d) If L = L*, then there exist three numbers A* > A* > A** > 0 such that (1.1) has exactly one 
positive solutions for A G (0, A**) U (A*, A*) U (A*,+oo) and none for A G [A**, A*] U {A*}. 

(e) If L^: < L < L*, then there exist five numbers A* > A** > A* > A** > 0 such that (1.1) has 
exactly one positive solutions for A G (0, A**) U (A*, A**) U (A*,+oo) and none for A G [A**, A*] U 
[A**, A*]. 

(f) If L ^ L*, then there exist two numbers A* > A** > 0 such that (1.1) has exactly one positive 

solutions for X & (0, A**) U (A*,+oo) and none for [A**, A*]. 

(g) A* and A* are strictly decreasing while A** and A** are strictly increasing with respect to L. 

Theorem 2.29 (T 5 ^e IV-^ 2 / f'{0) > 0, see Fig. 10). Let (<p,/) be of T 5 ^e IV-< 52 . Assume conditions 
(1.2)-(1.6) and f'{0) > 0 hold. Then there exist constants L** > L* > L* > 0 (see Fig.2) such that the 
follozving assertions hold: 

(a) IfL > L**, then (1.1) has exactly one positive solution for A G (0, A^) and none for A G [A^, +oo). 

(b) If L = L**, then there exists A* G (0, Ai) such that (1.1) has exactly one positive solution for 
(0,A*) U (A*,Ai) and none for A G {A*} U [Ai,+oo). 

(c) IfL* < L < L**, then there exist two numbers 0 < A** < A* < Ai such that (1.1) has exactly one 
positive solution for A G (0, A**) U (A*,Ai) and none for A G [A**, A*] U [Ai,+oo). 

(d) IfL = L*, then there exist three numbers 0 < A** < A* < A* < Aj such that (1.1) has exactly one 
positive solutions for A G (0, A**) U (A*, A*) U (A*, Ai) and none for A G [A**, A*] U {A*} U [Ai, +oo). 

(e) If L^: < L < L*, then there exist four numbers 0 < A** < A* < A** < A* < Ai such 
that (1.1) has exactly one positive solutions for A G (0, A**) U (A*, A**) U (A*,Ai) and none for A G 
[A„,A*] U [A**, A*] U [Ai,+oo). 

(f) If L ^ L*, then there exist two numbers two numbers 0 < A** < A* < Ai such that (1.1) has 
exactly one positive solution for A G (0, A**) U (A*,Ai) and none for A G [A**, A*] U [Ai,+oo). 

(g) A* and A* are strictly decreasing while A** and A** are strictly increasing with respect to L. 

Example 2.20. Let cp = cp^ and f{u) = — 1. Then limA_i.+c»S'('^) = 0 = limA_i.oS'(A) 

(by Lemma 3.9 below). Numerical simulation indicates that g{\) has exactly three local extreme points 
in (0,+oo) and the left local maximum value is greater than the right one (see Remark 3.1 and Tig.l6 
below), which suggests that g is of Type S 2 and (<^ 3 , 6 “^ + — 1) is of Type IV-52. 

Remark 2.21. We conjecture that there exist suitable cp and f such that the corresponding g is of Type 
(^ 3 . Since it is difficult to find some examples, we omit it. 

For Cases V and VI, so far, we only know the existence of two types of g: Type fo for Case V 
and Type 70 for Case VI (see Fig.2), which have been defined in [13]. 

Case V: B < + 00 , A < +00 and C = +00 

For Type V-fg, the statements of results are the same as Type TV-fo (see Theorems 2.12 and 
2.13), so we omit them. The bifurcation diagrams are sketched in Figs. 11 and 12, which are 
slightly different from those of T 5 rpe IV-/Ig (see Figs. 3 and 4 ). 

Example 2.22. Let cp = cp^ and f is one of the following 

(1) tanw, u G (0, f); (2) tanu^, u G (0, y^); (3) u G (0,1); (4) :j^, u G (0,1). 

Then lim 3 _j.+co ^(A) = 0 = lim 3 _j.o^(A) (by Lemma 3.9 below). Numerical simulation indicates that 
g{X) has exactly one critical point in (0, A) (see Remark 3.1 and Fig. 16 below), which suggests that g is 
of Type fo and all of {(p 3 ,f) are of Type V-^q. 
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Figure 11. Bifurcation Diagrams for Type V-/3o with /(O) = 0 and f'{0) = 0. 


Case VI: B < +oo, A < +oo and C < +oo 

For Type VI- 70 , the statements of results are the same as Type V -70 (see Theorems 2.16 and 
2.17), so we omit them. The bifurcation diagrams are sketched in Fig. 12, which has some impor¬ 
tant differences from those of Type IV -70 (see Figs. 3 and 4). 

Example 2.23. Let tp = tps and f{u) = — 1 or /(«) = ~ 1 “ G (0/1)- Then 

limA^ 0 ^('^) = + 0 °/ limA^+oo^(A) = 0, limA^i^(A) > 0 or lim, ^ ^(A) > 0 (by Lemmas 3.9 

71 — 2 

and 3.11 below), and g{X) is strictly decreasing in (0,1) or (0, (by Lemma 3.12). Moreover, numer¬ 
ical simulation indicates that g{\) has exactly one local maximum point in ( 1 , -|-oo) or (^^, -Foo) (see 
Remark 3.1 and Fig.16), which suggests that g is of Type 62 and both (<^ 3 , — 1) and ( 1 ^ 3 , ~ 1) 

are of Type VI-jq- 

Remark 2.24. In Examples 2.15-2.23, we only give numerical results on the number of local extreme 
points of g. It is still lack of strictly analytic proofs. Thus we leave some open problems. Moreover, it is 
also an interesting open problem to find out a complete list of all possible types of g, corresponding to cp^ 
and convex, increasing f in Cases IV, V and VI. 

Remark 2.25. Although we here focus on classical solutions of (1.1), we also deviate a little from the 
topics of discussion and gives some additional information on "non-classical solutions" in Figs.l, 3-12. In 
fact, the thick dashed lines represent discontinuous non-classical solutions (because of limitations of space, 
about non-classical solutions refer to [15, 16], also see [3, 2, 5, 12]). IVe also note that the intersection 
points of the bifurcation curve and the singular line in Figs.l, 11 and 12 represent "singular solutions" 
(see e.g. [ 10 ] /or the semilinear case). 

3. Time map and general properties 

In this section, we recall and investigate various properties of the so-called time map T for 
problem (1.1) under suitable conditions. These properties will be used to obtain the shape of the 
time map and prove the main theorems. 

3.1. Some well known results about time map. Since /(«) does not contain x explicitly and the 
problem is autonomous, positive solutions of (1.1) are always symmetric (see e.g. [ 8 , Lem 2.1]). 
Hence u'{0) = 0. 

Due to the symmetry, we consider the equation 

— (p'{u')u'' = ikf{u). 


X £ (0, L), 



















Figure 12. Bifurcation Diagrams for Types V-jSq and VI-70 with /(O) = 0. 











26 


HONGJING PAN AND RUIXIANG XING 


with the initial conditions 

m(0) = r>0, u'{0) =0. 
From the energy conservation relation 

0{u')+\F{u) = AF(r), 

we obtain the following time map for posifive solufions 

^ /o Cl>-1(A [F(r)-F(«)])‘^“' 
where is always faken fo be posifive and 

(0,A), ifB = +oo; 


r e f, A > 0, 


(3.1) 


I : = 


(0,F if B <+00 and C =+oo; 

if B < + 00 , C < + 00 , and A ^ ®; 


(3.2) 


(0,A), 

(0,F“^(®)], if B <+ 00 , C <+ 00 , and A > ^. 

Denofe by r* fhe righf endpoinf of I. Under condifions (1.2) and (1.3), T(r, A) is well defined 
and confinuous for all (r,A) G I x (0,+oo). When B < +oo, the curve r = due to 

|M'(±L;r)| = + 00 , is known as "(gradient or derivative) blow-up curve"; when A < +oo, the 
straight line r = A is referred as "singular line". See [13] for defails. 

Since fhe solufions of (1.1) correspond fo fhe bifurcafion curve which is defermined by T (r, A) = 
L, fhis leads us fo invesfigafe fhe graph of T(r, A). 

Abouf fhe gradienf blow-up curve, fhe following resulf is well known (define ^ = 0 if C = 
+oo). 

Lemma 3.1 ([13]). Assume condition (1.3) holds. Let B < +oo and r(A) = F“^(®). Then the 
following assertions hold: 

(a) The function r(A) is well defined on (^,+oo) and strictly decreasing. 

(h) lim^_^ B r(A) = A and lim;i_j.oo ^(A) = 0. 

Lemma 3.2 ([13]). Assume conditions (1.2) and (1.3) hold. Let T(r, A) be defined in (3.1). Then for 
fixed r G I, T{r, A) is strictly decreasing in A and lim;v_>o T{r, A) = +oo. 

Lemma 3.3 ([13]). Assume conditions (1.2) and (1.3) hold. LetT{r,\) be defined in (3.1). IfB = +oo, 
thenlirax-f+coT{r,A) =0foranyr G (0, A). 

The following lemma, which is a generalizafion of Habefs and Omari [6, Lem 3.1], gives 
smoofhness of T wifh respecf fo r. 

Lemma 3.4 ([13]). If for any r G I there exists a locally bounded function K{r) > 0 such that for 
every s G (j, 1), 

f{r) - sf{rs) 


F{r) — F{rs) 

then T is differentiable at each point r G 1, with derivative 
dT /-i 1 


^ K{r), 


(3.3) 


dr 


lo cI>-i(A[F(r) -F(rs)]) 
/■i 

— Ar 


ds 


f{r)-sf{rs) 


/o ]cl)-i(A[F(r) -F(rs)])] ‘I>'(‘I>-i(A[F(r) -F(rs)])) 
and ^{r,A) is continuous at each point (r. A) G I x (0, oo). 

Nofice fhaf fhe inferval (j, 1) can be replaced wifh any (c, 1), c G (0,1). 


-ds 


(3.4) 
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3.2. More properties on time maps. For simplicity, in what follows, we usually denote T(r, A) 
by T(r), ^ by T', and by T^. 

Theorem 3.5. Assume that (1.2)-(1.6) hold. Then T'{r) < Ofor all r ^ I. 

Proof. Since / G implies (3.3), T is differentiable. By (3.4), we have 

ri [(l)“i(A [F{r) — F(rs)])]^ (^'(^“^(A [F(r) — F(rs)])) — Ar [/(r) — sf{rs)] 


Tfr) = f 
Jo 


ds. (3.5) 


[cI)-i(A[F(r) -F(rs)])]^<p'(cI)-i(A[F(r) -F(rs)])) 

Denote the numerator of fhe infegrand by 

H(s) = ^“^(A [F(r) — F(rs)]) (^'(^'^(A [F(r) — F(rs)])) — Ar [/(r) — s/(rs)]. 

Clearly, H(l) =0. Moreover, for s G (0,1), we have 

H’(s) = - 2xnr.)r - + Xf(rs)r + A/-(„), 


= — Xf{rs)r 


[F(r) — F(rs)])) 
^-^(A [F(r) - F(rs)])<p"(‘I>-i(A [F(r) - F(rs)])) 
<p'(ch-i(A[F(r) -F(rs)])) 


+ Ar[f'{rs)rs — f {rs)] > 0, 


where fhe lasf inequalify holds due fo (1.2)-(1.6). Hence, H(s) < 0 on [0,1). Then T'{r) < 0 on 

1 . □ 

The following fwo proposifions give some imporfanf informafion of T(r) af fhe leff endpoinf 
off. 

Proposition 3.6. Let A > 0 be fixed. Assume conditions (1.2) and (1.3) hold. If f{0) = 0 and 
0 < lim = E < +00 for some a > 0, then 

r ->-0 ^ 


0 , 


ifO<a.< 1; 


limT(r)=<j 5^3^, if^ = i, 

+00, if CO 1. 


Proof. Letting w = rs in (3.1), we obtain 
A 1 


T(r) = r 


'o ‘l>-i(A[F(r)-F(rs)]) 


ds = r 


/'_ 

Jo (io-l 


l+ft 

r 2 


(A [F(r)-F(rs)]) 


ds. (3.6) 


Since /(O) = 0 and lim Iff- = E, we obtain 


rO 


F{r)-F{rs) ^ J_ T r( . , ^ fjrr) 
j.a+1 j.a+1 (rrY 

Moreover, we know 


lim 


y = Ite, M = lim "f' 


y—)-0 (O ^(y))^ z—fO z—>0 2z 

By the proof of Lemma 2.1 of [13], we have 


> 0. 


lim 


1+ft 

r 2 


ds = / lim ■ 


1+A 

r 2 


roJo 0-i(A [F(r) - F(rs)]) Jo ro cI)-i(A [F(r) - F(rs)]) 


-ds. 


(3.8) 



















28 


HONGJING PAN AND RUIXIANG XING 


This, together with (3.7) and (3.8), implies that 
/■i 


r 2 




1+fl: 

r 2 


^-^(A [F(r) - F(rs)])“" io ^-^(A [F(r) - F(rs)]) yA[F(r) - F(rs)] 

/■i / /(0)(a + l) 


ds 


/o \/2AE(l-s*+i) 


ds. 


If a e (0,1), we have 

/■i / <p'(0)(a + l) 




<p'{0){oi + 1) 

0 V 2AE(1-s^+i)""7o Y 2AE(l-s) 
3.9 

If a = 1, we gef 


ds ^ 


Then (3.6) and (3.9) imply lim T(r) = 0. 

r—>-0 


ds = 


2(p'(0)(a + l) 


AE 


f'(0)(a + l)_^^ ^ /■! 


<E'(0) 


/o V 2AE(1-s'^+i) Jo V XE{l-s^) 




Then (3.6) and (3.9) imply fhaf liin T(r) = 


If a > 1, we obfain 


^'(0)(a +1) 


Jo V2AE(1-s*+1) 


ds ^ 


^'(0)(a +1) 

2AE 


ds = 


<p'{0){oi + 1) 
2AT ■ 


Thus lim T(r) = +oo follows from (3.6) and (3.9). 

Proposition 3.7. Let A > 0 be fixed. Assume conditions (1.2), (1.3) and (1.5) hold. Then 


¥io) 

limT(r) = <( 2 Ya/'(0)' 

r^O 1 , 

+ 00 , 


iffiO) > 0; 
iff{0) = 0. 


Proof. Notice that conditions (1.3) and (1.5) imply/(O) = 0. 

If /'(O) > 0, fhen limr_>o = f{0) > 0. By Proposition 3.6, we have 


1- 'W I ^ / V'iO) 

2V+(0)^ 


We nexf consider fhe case f'{0) = 0. Since 

,.2 2^ 


lim 


= lim ,, , = lim 


r^oF(r) r-^of{r) r^of'{r) 
if follows fhaf for any M > 0, fhere exisfs > 0 such fhaf 

^2 


= + 00 , 


F(r) 


> M, for 0 < r < Jm- 


Then for all s G [0,1], we have 


(3.9) 


□ 




F(r)-F(rs) F{r) 


> M, 


for 0 < r < Sm- 


(3.10) 
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Figure 13. The graphs of time map T for /(O) = 0 when A is fixed. Left: 
/(O) > 0. Right: /'(O) = 0. 


This, together with (3.6), implies 

rfr)= _ ^ 

Jo ‘I>-i(A[F(r)-F(rs)]) ^A[F(r) - F(rs)] 

/M VA[F(r)-F(rs)] 

^ V A Jo ^“^(A [F(r) - F(rs)]) 

From (3.8), it follows that 

Li v/A[F(r)-F(rs)J ^ 

‘I>-i(A[F(r)-F(rs)]) V 2 ' 
This, together with (3.10) and (3.11), implies limr_j.o T(r) = +oo. 


(3.11) 


□ 


3.3. The function g. By Theorem 3.5 and Proposition 3.7, we know that the graph of T(r, A) 
looks like the left or the right in Fig. 13. From which, we find that the position of T at the 
right endpoint r* of interval I is crucial in the existence of solutions for T(r, A) = L. We next 
discuss how the position of T(r*, A) changes as the parameter A varies through positive values. 
To analyze the behaviors of T at r*, the same as in [13], we define 

^(A) = lim T(r,A). 

r—^r* 

From (3.2), it follows that 


gW 


lim^^^- T(r,A), if B = +oo; 

T(F“^(®),A), if B < +00 and C = +oo; 
lim^^j.^- T(r, A), if B < +oo, C < +oo, and A ^ 
T(F“^(®),A), if B <+ 00 , C <+ 00 , and A > ^. 


(3.12) 


The graph of g has been well investigated in [13, Sec 5]. Let us recall some useful results. 


Case I: A, B, C = +oo 

In this case, from Theorem 4.2 of [13], we know that if condition (2.1) holds, then 

g(A) = lim T(r, A) = 0. 

In particular, similar to Corollary 4.4 of [13], we also have that if the range of cp is bounded or 
is bounded for sufficiently large z, then ^ = 0. 

Case II: A < +oo, B = +oo and C = +oo 
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In this case, from Corollary 4.3 of [13], we obfain fhaf ^(A) = T(r, A) = 0. 

Case III: A < +oo, B = +oo and C < +oo 
In fhis case, we have 

/■c 1 1 

y(A) = lim T(r, A) = / -— .—_ ^ dy, 

^ ^ ^ Jo cD-i(Ay)/oF-i(C-y) ^ 

By Proposifion 5.1 of [13], if is easy fo see 

Lemma 3.8. Let A < +oo, B = +oo and C < +oo. Assume conditions (1.2)-(1.5) hold. Let g{A) be 
defined in (3.12). Then the following assertions hold: 

(a) g{A) > Ofor all A > 0 and g is strictly decreasing in A. 

(b) lim,\^o^('^) = +0° and limA^+oo^(A) = 0. 

(c) For every L e (0,+oo) there exists a unique A* such that ^(A*) = L. Moreover, A* is strictly 
decreasing with respect to L. 


Cases IV and V: B < +oo and C = +oo 

In fhese cases, we have 






du 


lo cP-1(B-AF(m)) 

1 _ 

lo 0-1(5-y)A/(F-l(f)) 


dy. 


(3.13) 

(3.14) 


Due fo fhe separafion of and F, if is usually more convenienf fo use fhe expression (3.14) fo 
analyze fhe shape of g. 

The nexf lemma is very useful for compufing fhe limifs of g af +oo and 0. 


Lemma 3.9 ([13]). Let B < +oo and C = +oo. Assume conditions (1.2), (1.3) and K := dy < 

+00 hold. Then the following assertions hold: 

(a) f/lim ^ = 0, then lim v(A) = 0. 

t^OjW 

(b) If lim = D e [0, +oo], then lim ?(A) = DK. 

t->-AJO) A^O 


Abouf some concrefe functions cp safisfying K < +oo, see Examples 2.2 and 2.7. 
The nexf resulf gives a sufficienf condition for fhe monofonicify of g. 


Lemma 3.10 ([13]). Let B < +00 and C = +oo. Assume conditions (1.2) and (1.3) hold. If f is of 
class on (0, A) satisfying 

/'(W)^(<)/"(f) for te{0,A), (3.15) 

then g{A) is (strictly) decreasing in A. 


See Example 2.8 for some concrefe funcfions / safisfying (3.15). 

When g is nof monotone, fhe sifuafion for g in Case IV may be quite complicated. In Section 
2, we have given a brief infroducfion fo g. In particular, we esfablish a classification of g based 
on fhe number of local exfreme poinfs in (0, +oo), the local extreme values, and the limits at 0 
and +00 (see Definition 2.5). Various t 5 rpes of g are illusfrafed in Eig.2. 

Leffing A = in (3.13), we fransform ^(A) fo 


fW =^(A)Ia= B 

¥{r) 



1 


0-1(5 - B 


FM 

F(r) 


-du. 

) 


(3.16) 
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Notice that when we plot the graph of T under the coordinate system (r, T), we actually need 
the shape of g{r) (nof y(A)!), because fhe curve of g{r) (i.e. gip^)) is jusf fhe pafh along which 
the right endpoint of T moves as A varies fhrough positive values. See Figs. 2 and 14 for a 
comparison. 


Remark 3.1. Consider an important example cp = cp^, i.e., the mean curvature equation (1.9). Then 
B = 1 and we obtain from (3.14) and (3.16) 


and 



v'r^A/(F-i(f)) 


dy 


(3.17) 


g{r) :=^(A)U^ 1 

F{r) 


r Hu) 

0 y/T{rY - F{uy 


du. 


(3.18) 


In Figs.15 and 16, we give some numerical simulations of g{r) in Cases IV and V. For these g(r), the 
corresponding functions ^(A) arise in Examples 2.10-2.22. From Figs.15 and 16, using the monotonicity 
of A = one can indirectly obtain the numerical results of g{A). As shown in Figs.l, 3-10, the 
various types of g lead to the rich diversity of bifurcation diagrams for problem ( 1 . 1 ). 


Case VI: A, B, C < +oo 
In fhis case, we have 


gW = 


limr^A- T{r,A) = 




0 <S>-HAy) foF-^C-y) 
B 1 1 


dy. 


if A ^ 
if A > 5. 


(3.19) 


10 <^-l{B-y) 

Lemma 3.11 ([13]). Let A,B,C < +oo. Assume conditions (1.2) and (1.3) hold. Then g{A) > 0 and 
g is continuous for all A > 0. 

By Proposition 5.1 of [13], we know 

Lemma 3.12. Let A,B,C < +oo. Assume conditions (1.2)-(1.5) hold. Then g is strictly decreasing 
on ( 0 , and limA_i.oS'(A) = +oo. 


Moreover, we know 


Lemma 3.13 ([13]). Let A,B,C < +oo. Assume conditions (1.2), (1.3), limf_j.o = 0 and 


fo y<X>-VB-y) ‘^y < +~ limA^+cx> ^(A) = 0. 


See e.g.. Type 70 of Case VI in Fig. 2. Also see fhe bottom of Fig. 16 for numerical examples of 
g(r) in Case VI, which arise in Example 2.23. 


4. Proofs of Main Theorems 


In this section, we prove the main results which are stated in Section 2. 

Note that when f' (0) > 0, Ai := jj^ (^is strictly decreasing with respect to L, and further 
from Proposition 3.7, if follows fhaf limr_i.o T{r,Ai) = L . 

The proof of Theorem 2.1 Since positive solufions of (1.1) are always symmefric, if implies 
fhaf M^(0) = 0. Thus fhe exisfence of solufions of (1.1) is equivalenf fo fhaf of 

— q)'{u')u'' = Affu), u'{0) = 0, u{L) = 0. 

By fhe defrnifion of fhe time map, for given L, A > 0, fhe number of posifive solufions of (1.1) is 
precisely fhe number of solufions of T(A, r) = L for r G (0, r*). Here, r* is fhe righf endpoinf of 
I. 
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Figure 14. Some shapes of ^(A) in the coordinate system {r,g), i.e. the shapes 
of g{p^)- See Fig.2 for a comparison. 



















































g(1/F(r)^ g(1/F(r)) g(1/F(r)) ^ ^ 8(1/J('')) 
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f(u)=e“"-1 f(u)=e“"+u-1 



f(u)=e“+u2-u-1 



r 



f(u)=u2+uF 



f(u)=u+u® 



f(u)=u^e''+u^ 


f(u)=u^e‘'+u 


f(u)=u^e^^‘'+u^ 





f(u)=u®e®‘'+u 




Figure 15. Some numerical simulations of g(j^) for (<P3,/), i.e., the mean cur¬ 
vature equation, in Examples 2.12-2.18. 
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r 


f(u)=e“%u®+u-1 



r 


f(u)=tan 



f(u)=tan u 



r 


f(u)=u2(1-u2)-' f(u)=u(1-u)-' 





Figure 16. Some numerical simulations of g(j^) for (<^3,/), i.e., the mean cur¬ 
vature equation, in Examples 2.19, 2.20 and 2.23. Left: f'(0) = 0. Right: /'(O) > 
0 . 
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From Theorem 3.5, we get that T' < 0 for all r. Hence for any A > 0, T(A, r) = L has af mosf 
one solufions in (0, r*). This complefes fhe proof. □ 

The proof of Corollary 2.2 Nofice fhaf if / is of class on [0, A) safisfying condifions 
(1.3) and /(O) = 0, fhen fhe convex condifion f"{u) ^ (>)0 implies fhe superlinear condifion 
f{u)u ^ (>)/(«). 

Indeed, lef!/’(«) = f'{u)u — /(«), fhen i/i(0) = 0 and 

xp'{u) = f"{u)u + f{u) -f{u) = f{u)u ^ (>)0. 

So we can replace (1.5) and (1.6) by (1.5^) and (1.6^). Applying Theorem 3.5, we gef fhe result. □ 
The proof of Theorem 2.3, Corollary 2.4 and Theorem 2.5 By Theorem 3.5 and Proposition 
3.7, we obtain the shape of T(r, A) for fixed A > 0. Furfher, since y = 0 (see Secfion 3.3), by 
Lemmas 3.2 and 3.3, we obtain the behavior of T(r, A) when A varies fhrough posifive values 
(see Fig. 17). 

In particular, for given L > 0, we have 

(1) If f'{Q) = 0, fhen for any A > 0 fhere exisfs a unique r e (0, r*) such fhaf T{r,\) = L, 

(2) If f'{0) > 0, fhen lim^-^o ^’(l ) = L and for any A G (0, Ai) fhere exisfs a unique 

r G (0,r*) such fhat T{r,\) = L. 

Thus we complefes fhe proof. □ 

The proof of Theorem 2.6 The proof is similar fo fhe previous one, a key difference is fhat 
g is strictly decreasing (Lemma 3.8). This leads to that for given L > 0, fhere exisfs a unique 
A* > 0 such fhaf such fhaf ^(A*) = L. The monofonicify of g implies A* is sfricfly decreasing 
wifh respecf fo L (see Fig. 17). 

In parficular, for given L > 0, we have 

(1) There exisfs a unique A* > 0 such fhat T(r, A*) = L. 

(2) If f'{0) = 0, fhen for any A > A* fhere exisfs a unique r G (0,?"*) such fhaf T(r, A) = L, 
while if f'{0) > 0, fhen lim,-_>o hi) = L and for any A G (A*,Ai) fhere exisfs a unique 
r G (0,r*) such fhat T{r,\) = L. 

Thus we completes the proof. □ 

The proof of Theorem 2.7 Since (<p,/) is of Type IV-olq, it follows fhaf g is sfricfly decreasing, 
lim,\^oS^(h) = +00 and lim,\^+oo ^^(A) = 0 (see Figs.2 and 14). Therefore fhe proof is fhe same 
as fhaf of Theorem 2.6, we omif if (see Fig. 18). □ 

The proof of Corollary 2.8 From Lemmas 3.9 and 3.10, if follows fhaf (<p,/) is of Type IV-ag 
and hence fhe conclusions of Theorem 2.7 hold. □ 

The proof of Theorems 2.9 and 2.10 By Theorem 3.5 and Proposifion 3.7, we obfain the shape 
of T(r, A) for fixed A > 0 (see Fig. 13 or fhe leff of T 5 rpe IV-ag in Fig. 18). 

Since is of Type IV-ai, it follows fhat g is strictly decreasing, lim;i_j.oy(A) G (0,+oo) 

and lim;i_j.+oo g{^) = 0 (see Figs.2 and 14). This, together with Lemma 3.2, gives the behavior 
of T(r, A) when A varies fhrough posifive values (see fhe righf of Fig. 18). In parficular, leffing 
L* = sup g, we have 

(1) For given L G (0, L*), fhere exisfs a unique A* > 0 such fhaf ^(A*) = L. Moreover, fhe 
monofonicify of g implies fhaf of A* wifh respecf fo L. 

(2) For given L G [L*,+oo), if /'(O) = 0, fhen for any A > 0 fhere exisfs a unique r G (0, r*) 
such fhaf T(r, A) = L, while if f'{0) > 0, fhen limr_j.o T(r, Ai) = L and for any A G (0, Ai) fhere 
exisfs a unique r G (0, r*) such fhaf T{r,\) = L. 

Thus we complefes fhe proof. □ 

The proof of Corollary 2.11 From Lemmas 3.9 and 3.10, if follows fhaf {cp,f) is of Type IV-ai 
and hence fhe conclusions of Theorems 2.9 and 2.10 hold. □ 
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Figure 17. Time maps for Types Till with /(O) = 0 when A varies. 
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Figure 18. Time maps for Types IV-ao, IV-aj 
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Figure 21. Time maps for Types IV -71 and IV -72 with /(O) = 0 when A varies. 
The remaining cases L = L*, L^, < L < L*, L = L^, and L < L* are the same as 
Types rV- 70 . 
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The proof of Theorems 2.12 and 2.13 By Theorem 3.5 and Proposition 3.7, we obtain the 
shape of T(r, A) for fixed A > 0 (see Fig.l3 or the left of Type IV-ag in Fig. 18). 

Since {cp,f) is of Type TV-fio, we know the graph of g (see Figs. 2 and 14). This, together with 
Lemma 3.2, gives the behavior of T{r, A) when A varies through positive values (see Figs. 18 and 
19). In particular, letting L* = sup^, we have 

(1) For given L = L*, there exists a unique A* > 0 such that ^^(A*) = L. 

(2) For given L E (0, L*), there exist A* > A* > 0 such that y(A*) = y(A*) = L*. Moreover, 
the shape of g implies the monotonous relations of A* and A* with respect to L. 

(3) For given L > 0, if f'{0) > 0, then lim,-_>o F(r,Ai) = L. 

(4) For L > L*, the situation is similar to Tjrpe IV-a^. 

Thus we completes the proof. □ 

The proofs of Theorems 2.14^2.29 All proofs are similar to that of Theorems 2.12 and 2.13, 
we omit them. Notice that for fixed A > 0, the graphs of all T (r. A) in Case IV are similar to 
the left of Type IV-ao in Fig. 18, various different types of g (see Fig. 14) essentially lead to the 
differences of bifurcation diagrams. 

In Figs. 19 and 20, we give the graphs of Time maps for Types IV-/3i and IV-qg when A varies. 
In Figs. 21 and 22, we do not give all graphs of Time maps for Types IV- 71 , IV- 72 , IV -73 and IV-(io 
because the remaining cases L = L*, L* < L < L*, L = and L < L* are the same as Types 
IV- 70 . T 5 q)es IV-<5i, IV -(52 and IV -^3 can be discussed in the same way, we omit them. 

Besides, the discussions for Types V-/3o and VI -70 ^re also completely similar to those of Types 
IV-/5o and IV -70 (see Figs. 13 and 14), we omit them. □ 
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